The discrete spectra of certain two-dimensional Schrödinger operators are numerically calculated. These operators are obtained by the Moutard transformation and have interesting spectral properties: their kernels are multi-dimensional and the deformations of potentials via the Novikov-Veselov equation (a two-dimensional generalization of the Korteweg-de Vries equation) lead to blowups. The calculations supply the numerical evidence for some statements about the integrable systems related to a 2D Schrödinger operator. The numerical scheme is applicable to a general 2D Schrödinger operator with fast decaying potential.
Introduction
This paper concerns numerical calculation of the discrete spectra of some two-dimensional Schrödinger operators with soliton potential. These potentials were found in [1, 2] by using the Moutard transformation well-known in surface geometry and have interesting spectral properties. The numerical scheme is based on the Galerkin method and can be applied to general operators with fast-decaying potentials.
The Darboux transformation (the ladder method) allows us to construct the integrable one-dimensional Schrödinger operators
i.e. the operators whose spectra and eigenfunctions are explicitly described. To each integrable operator H and a solution ω of the equation Hω = 0 there corresponds the new integrable operator H of the same form. Namely this correspondence sends each solution ψ of the equation Hψ = Eψ to a function ϕ = Aψ such that Hϕ = Eϕ, where A is some first order differential operator independent of ψ. Note that this correspondence is invertible. For instance, the quantum harmonic oscillator is exactly the operator for which this transformation results in a shift of the potential u(x) by a constant. This observation was used by Dirac for finding the spectrum and eigenfunctions of the operator [3] . The successive application of the Darboux transformation, starting with the trivial potential u = 0, yields the rational solitons n(n+1)
In fact, the Darboux transformation was originally derived as a onedimensional reduction of the Moutard transformation which acts on twodimensional Schrödinger operators as follows:
Furthermore to each operator H and a solution ω of the equation Hω = 0 there corresponds another operator H of this form, which gives an explicit procedure of constructing solutions to the equation Hϕ = 0 from solutions of the equation Hψ = 0. The correspondence is one-to-one modulo const ω . In contrast to the Darboux transformation this method gives no information on solutions of the equation Hϕ = Eϕ with E = 0. For the potentials derived by the Moutard transformation it is interesting to know something beyond the "zero energy level" E = 0. In this article we demonstrate how to achieve this aim numerically:
• we calculate the discrete spectra of the Schrödinger operators with nontrivial kernel which were found in [1];
• we describe the dynamics of the discrete spectra of the operators whose potentials depend on t, the temporary variable, and give a blowing-up solution of the Novikov-Veselov equation [2] .
We think that the numerical approach can be rather helpful for understanding the spectral problems, will lead to formulating mathematical statements that are based on experiments and can be valuable for further proofs. Some of these conclusions are presented as final Remarks.
2 The Moutard transformation and some of its applications
The transformation
Let H be of the form (2) and let ω be a solution to the equation
Then the Moutard transformation of H is defined as
Straightforward computations show that if ψ satisfies the equation Hψ = 0, then the function ϕ defined from the system
satisfies the equation
If ϕ meets (3), then ϕ + C ω satisfies the same equation for every constant C.
If the potential u = u(x) depends only on x and ω = f (x)e √ Ey , then
and the Moutard transformation reduces to the Darboux transformation of H 0 defined by f :
Originally, the Moutard transformation was introduced for the hyperbolic operators
and was used, for instance, for constructing new negatively curved surfaces in R 3 from those already available. However, since the procedure is formally analytical we may put ξ = z and η =z and derive its version for Schrödinger operators.
Two-dimensional Schrödinger operators with nontrivial kernel
The Moutard transformation applied to the trivial potential u = 0 does not give a nonsingular fast decaying potential. However such a potential for which the scattering operator is well defined may be achieved by the double iteration of the Moutard transformation. That was done in [1] whose main results are as follows:
• the potential (see Fig. 1 )
is nonsingular and decays as r −6 , while the corresponding Schrödinger (4) operator H of the form (2) has at least two-dimensional kernel (see Fig.  2 ):
with Ψ 1 = x + 2x 2 + xy − 2y 2 160 + 4x 2 + 4y 2 + 16x 3 + 4x 2 y + 16xy 2 + 4y 3 + 17(x 2 + y 2 ) 2 , Ψ 2 = 2x + 2y + 3x 2 + 10xy − 3y 2 160 + 4x 2 + 4y 2 + 16x 3 + 4x 2 y + 16xy 2 + 4y 3 + 17(x 2 + y 2 ) 2 ;
(5) • the potential
where
is nonsingular and decays as r −8 , while the following functions ψ 1 and ψ 2 span a two-dimensional subspace in the kernel of the Schrödinger operator:
Remark. Note that 1) some good scattering theory is available for an N -dimensional Schrö-dinger operator if the potential of the operator meets the condition
with ε > 0 an arbitrary positive constant [4] ; 2) for the one-dimensional operators meeting the Faddeev condition
the discrete spectrum is finite and negative; 3) for N ≥ 5 it is easy to construct a potential of the form u(
where G is a nonsingular positive function coinciding with the fundamental solution of the Laplace equation G(x) = const |x| N−2 outside some compact set, such that u(x) meets (8) and the corresponding operator has nontrivial kernel.
Potentials (4) and (6) 
Blowing up solutions of the Novikov-Veselov equation
The Novikov-Veselov (NV) equation [5] has the form
and can be derived as the compatibility condition of the system Hϕ = 0,
where∂V = ∂U, ∂V =∂U , and
is a two-dimensional Schrödinger operator.
Its one-dimensional reduction corresponding to U = U (x) and U = V is the Korteweg-de Vries equation
The KdV equation admits the Lax representation
where L the one-dimensional Schrödinger operator with potential U . Therefore, the KdV evolution preserves the whole spectrum of L. In contrast to the KdV case, the NV equation has the Manakov triple representation
and preserves only the zero-level spectrum. The Moutard transformation of H can be extended to some transformation of solutions of the NV equation to another solutions of the same equation. By using the transformation, in [2] the first blowing up solution of the NV equation was constructed which is as follows:
For t < t * the potential U is nonsingular and decays as r −3 . As t approaches t * from below, the solution starts to oscillate in a bounded domain and at t = t * = 29 12 the function Φ vanishes at a couple of points at which U has singularities: U is a rational function and for t = t * the denominator vanishes at these points, but the nominator vanishes at certain lines passing through the same points (see Fig. 3 ).
We recall that I = R 2 U dx dy is the first integral of the NV equation, which restricts the possible types of singularities.
Remarks. 1) For the KdV equation, i.e. the one-dimensional reduction of the NV equation, such a blowup is impossible. For instance, a solution of the KdV equation with smooth initial data u 0 (x) = o(|x|) as |x| → ∞ is regular and unique for all times t [6] .
2) In [7] it was noted that the more general function U = 2∂∂ log(a(x 2 + y 2 ) 2 + b(x 3 + y 3 ) + c − 4bt), with a, b and c real constants, meets the NV equation and gives a similar blowing up solution. 3) The modified Novikov-Veselov (mNV) equation, which is a similar two-dimensional version of the modified Korteweg-de Vries equation, also admits blowups which are of a different nature. For this equation I = U 2 dx dy is the first integral in contrast to the NV equation whose evolution preserves U dx dy. Recently in [8, 9] there was constructed a solution to the mNV equation on the whole plane which decays rather fast at infinity and is real-analytic outside the only singular point x = y = t = 0, while the first integral I equals 3π for t = 0 and jumps to 2π at t = 0.
A numerical method

The basic scheme
We will briefly explain the scheme in general.
Take an orthonormal basis {e k }, k = 1, 2, . . . , for L 2 (R m ):
where u|v is the standard inner product on L 2 (R m ).
Denote by P n the orthogonal projection to the finite-dimensional subspace V k spanned by the first k vectors:
we consider its approximation of the form H n = P n H : V n → V n and find the spectrum of H n :
The operator H n is represented in the basis e 1 , . . . , e n by the matrix
which is the principal minor of the matrix A describing operator H in the basis {e k }. Let H be the Schrödinger operator
with a fast decaying potential. The number of eigenvalues of H n counted with multiplicities is equal to n and grows as n → ∞. Hence the whole spectrum E (n) cannot be considered as approximation of the discrete spectrum of H which can be even empty.
However it is known that if the potential decays rather fast, i.e.,
then the Schrödinger operator has no positive eigenvalues [10] . Hence the sequence E (n) with the excluded positive elements not very close to zero, i.e., the truncated sequence, can be considered as approximation of the discrete spectrum of H as n → ∞.
We do not supply any strong mathematical evidence to this claim. But similar arguments are widely used in computational chemistry (quantum chemistry and molecular dynamics) and the results fit experiments. In this article we present the results of a similar numerical study of the discrete spectra of potentials from 2.2 and 2.3.
A numerical scheme based on the Hermite functions
The Hermite functions
form the orthonormal basis for L 2 (R), i.e.
and are the eigenfunctions of the quantum harmonic oscillator
Let us consider in L 2 (R 2 ) the orthogonal basis formed by the products
of the Hermite functions of x and y. In this basis the Schrödinger operator is described by the matrix
Since ψ j,k is the eigenfunction of the two-dimensional quantum harmonic oscillator
we have
In the sequel let H (N ) denote the operator
is the orthogonal projection of L 2 (R 2 ) to the N 2 -dimensional subspace spanned by the two-dimensional Hermite functions ϕ j,k with 0 ≤ j, k ≤ N − 1.
The Gauss-Hermite quadrature for matrix elements
For calculating the matrix elements A (j,k)(l,m) we use the Gauss-Hermite quadrature (see [11] ): the integral over R of a function of the form
with h s (x) a polynomial of degree s, is evaluated by the quadrature formula
where x i are the roots of the Hermite polynomial of degree n while w i , ω i are the corresponding weights:
This quadrature is exact for all s up to 2n − 1. If f (x) = g(x)e −x 2 /2 with g(x) ∈ L 2 (R) for which the coefficients c k = (φ k |g) if the Hermite expansion of g satisfy |c k | ≤ C(1 + k) −r , then the quadrature error is bounded by O(n −r ).
In the two-dimensional case
For calculating the roots of the Hermite polynomials we use the algorithm that is proposed in [12] .
Numerical results
The Schrödinger operators with nontrivial kernel
1. The potential written down in (4) is nonpositive and vanishes exactly at one point. Therefore, by the Rayleigh principle, the discrete spectrum of the corresponding Schrödinger operator H is nontrivial and the first eigenvalue equals to
ψ|Hψ .
It appears that except the five eigenvalues λ 1 , λ 2 , λ 3 , λ 01 and λ 02 the eigenvalues of H (N ) are greater than 0.1 for N = 16, 20, 25, 32, and 50. The exceptional five eigenvalues split into the two groups: a) the negative eigenvalues λ 1 , λ 2 , λ 3 that are separated from 0; b) the positive eigenvalues λ 01 and λ 02 that converge to the zero from above as N grows.
The results of computations are given in Table 1 . Denote by W the span of the eigenfunctions Ψ 1 and Ψ 2 of the form (5) and by ψ 1 , ψ 2 , ψ 3 , ψ 01 , ψ 02 the eigenvectors of H (N ) corresponding to λ 1 , λ 2 , λ 3 , λ 01 , λ 02 . Let α i stand for the angle between ψ 0i and W , i = 1, 2. The calculations in Table 2 show that ψ 01 and ψ 02 converge to functions in W as N grows.
Therefore we arrive at the following: Table 1 : The approximate eigenvalues of the Schrödinger operator with the soliton potential (4) Numerical Conclusion 1. The discrete spectrum of the operator H with potential (4) consists of five eigenvalues (their approximations are given in Table 1 ) of which three are negative. The kernel of H is two-dimensional. The fast decay of the coefficients of expansions of ψ α in ϕ i,j , (i, j = 0, ..., N − 1) is demonstrated by the graphs of these coefficients parameterized by i, j and calculated for N = 32 (see Fig. 4 ). The graphs of these eigenvectors are presented in Fig. 5 .
Figure 4: The expansions of eigenvectors
Figure 5: The eigenvectors 2. The analogous calculations for potential (6) , which is also nonpositive, shows that the eigenvalues of H (N ) that may correspond to the eigenvalues of H split into the two groups: a) the negative eigenvalues λ 1 , . . . , λ 5 separated from zero; b) the eigenvalues λ 01 , λ 02 converging to zero as N grows. The calculations of eigenvalues are presented in Table 3 . (6) The eigenvectors ψ 01 and ψ 02 corresponding to λ 01 and λ 02 have to approximate functions from the kernel. The cosines of the angles α i , i = 1, 2, between the eigenvectors corresponding to λ 01 and λ 02 and the linear span of Ψ 1 and Ψ 2 are presented in Table 4 cos α Therefore, we arrived at Numerical Conclusion 2. The discrete spectrum of the operator H with potential (6) consists of seven eigenvalues (their approximations are given in Table 3 ) of which five are negative. The kernel of H is two-dimensional.
The blowing up solution of the Novikov-Veselov equation
For the operator
where U is of the form (11), i.e., a blowing up solution of the NV equation, we numerically find the five eigenvalues:
At t = 0 the three eigenvalues λ 1 , λ 2 , λ 3 are negative and lie rather far from zero, whereas λ 01 and λ 02 are close to zero and approximate the zero eigenvalue. Indeed, the kernel is at least two-dimensional and includes the subspace that is spanned by Ψ 1 (t, x, y) = 2x 2 − 2y 2 + 2x + 2y 3x 4 + 4x 3 + 6x 2 y 2 + 3y 4 + 4y 3 + 30 − 12t , Ψ 2 (t, x, y) = −4xy 3x 4 + 4x 3 + 6x 2 y 2 + 3y 4 + 4y 3 + 30 − 12t .
Since we have an explicit description of the evolution of the potential we can calculate the dynamics of the eigenvalues, which is presented in Fig. 6 . We see the following:
• Up to t ≈ 2.2 the two maximal eigenvalues stay closed to the zero as it has to be because the zero-level spectrum is preserved by this evolution. Therewith the negative spectrum evolves.
• After t ≈ 2.2 the approximations to the zero eigenvalue substantially decrease going away from zero and therefore the calculations become unreliable. The correct description of the evolution of the discrete spectrum for t > 2.2 needs the Galerkin approximations with respect to higher-dimensional subspaces or a more precise numerical scheme.
Final remarks
The calculations were done by using the LAPACK package.
The main points for us consist in 1) demonstrating the possibilities of the method and we see, for instance, that the kernel is detected rather precisely;
2) studying by numerical methods the spectral properties of some twodimensional differential operators.
Usually the results of calculations are compared with an integrable case. Since the lack of examples of fast-decaying two-dimensional potentials with explicitly described discrete spectrum we use for such a comparison the zerolevel spectrum explicitly established for the potentials that are considered in [1] .
These calculations provide the numerical evidence for the following statements:
1. The negative discrete spectrum is not preserved by the Novikov-Veselov flow and it seems that all conservation laws are given by the spectral data of H which correspond to the zero energy level (see [13] ).
2. The Darboux transformation can be interpreted as a transformation that adds or removes a point from the discrete spectrum of a onedimensional operator (1). The operators from 2.2 and 2.3 are derived by the double iteration of the Moutard transformation starting at the zero potential u = 0. The analogy between these transformations and the numerical calculations leads us to the conjecture that if the Moutard transformation respects the function classes of potentials and eigenfunctions then the dimension of the kernel of H is changed by one by the Moutard transformation and there are no such estimates related to the negative part of the discrete spectrum.
